Abstract. The following special case of a conjecture by Loehr and Warrington was recently proved by Ekhad, Vatter, and Zeilberger:
Introduction
We will prove the following: The theorem was conjectured by Nick Loehr and Greg Warrington. In a recent paper [1] Shalosh Ekhad, Vince Vatter, and Doron Zeilberger proved the special case a = 3, b = 2, using a computer. Inspired by their proof, Loehr and Warrington, together with Bruce Sagan [2] , found a computer-free proof of the more general case when b = 2 and a is any odd positive integer. We greatly admire the automatical approach of Ekhad, but we feel that a beatiful problem like this ought to have a beautiful solution. And indeed it has! First we will present a geometrical construction where the words in the alphabet {a, −b} are interpreted as paths on a cylinder graph. Then we will give bijections between these paths, certain weight functions on the edges of the graph, and ordered sequences of certain short paths. The latter ones are easy to count.
The geometrical construction
In the following we let a and b be relatively prime positive integers. Consider the discrete two-dimensional infinite lattice Z 2 . Define the dignity of a lattice point by d(x, y) = ay − bx. Now identify two lattice points if they have the same dignity and call the resulting "quotient lattice" K a,b . Since a and b are relatively prime two points in Z 2 have the same dignity if and only if they differ by a multiple of (a, b). (If we think of Z 2 as a Z-module under component-wise addition we have K a,b = Z 2 / (a, b) .) Make K a,b into a directed graph by adding an edge (x, y) → (x + 1, y) to the right and an edge (x, y) → (x, y + 1) up from every point (x, y) in K a,b .
Below is a graphical representation of K 3,2 . It is an infinite strip whose borders are identified (welded together) such that for example the two fat dots represent the same point. The result is an infinite cylinder. The points whose dignity is a multiple of a + b constitute the weld and are called weld points.
- We can identify words in the alphabet {a, −b} with paths on K a,b starting at the origin (0, 0) by reading the word from left to right and letting a mean "up" and −b "right". Observe that a path visits the weld each (a + b)-th step. The sum of the word simply becomes the dignity of the endpoint of the path. The condition that every zero-sum consecutive subword that starts with an a may not be immediately followed by −b can be stated like this in the path setting: The path is not allowed to go right from a point if it has gone up from that point earlier. A path satisfying this condition is said to be careful.
Thus Theorem 1.1 can be reformulated:
(1) There are a+b a n careful cycles on K a,b of length (a + b)n starting at the origin. A path of length a + b that starts and ends on the weld is called a lap, and a lap that is a cycle is called a lap cycle.
Lemma 2.1. A careful cycle beginning at a weld point never visits higher weld points.
Proof. Suppose the careful cycle, starting at p, visits a point q on the weld higher than p. Let pq be the path along the cycle from its starting point p to q (if the cycle visits q several times, choose any visit), and let qp be the remaining path along the cycle from q to the finish point p. Obviously, pq and qp must cross somewhere. In particular, they must intersect at a point where pq goes up and qp goes right. But this contradicts the assumption that the cycle is careful.
We conclude that the weld points above the origin, and hence the points (x, y) ∈ K a,b with x < 0 or y > b, can never be reached by the careful cycles counted in (1). Let L a,b be the resulting cylinder lattice (and directed graph) when these points are removed from K a,b . Then our main theorem can be reformulated again: (2) There are a+b a n careful cycles on L a,b of length (a + b)n starting at the origin. Before proving our main theorem we need some more definitions. A weight function on L a,b is an assignment of a nonnegative integer to every edge in L a,b . The in-weight and out-weight of a point in L a,b is the sum of the weights on the edges going in to and out from the point, respectively. A weight function is said to be balanced if for each point the in-weight and out-weight are equal. A path in L a,b is said to be covered by the weight function if every edge is used by the path at most as many times as its weight. The weight function is origin-connected if for every point with positive out-weight there is a covered path from the origin to the point.
The bijections
Please keep the cylinder graph L a,b in your mind throughout the paper. Since the number of lap cycles beginning at the origin is a+b a , the formulation (2) of our main theorem follows from the result in this section: Theorem 2.2. There are bijections between the following three sets:
1. careful cycles of length (a + b)n beginning at the origin, 2. balanced origin-connected weight functions with total weight sum (a + b)n, 3. ordered sequences of n lap cycles beginning at the origin.
Proof. We will define four functions, f 1,2 : 1 → 2, f 2,1 : 2 → 1, f 3,2 : 3 → 2, and f 2,3 : 2 → 3. It should be apparent from the presentation below that
, and f 2,3 • f 3,2 are all identity functions.
1 → 2: Given a careful cycle beginning at the origin, to every edge of L a,b we assign a weight that is the number of times the edge is used by the careful cycle. This weight function is obviously balanced and origin-connected. Furthermore, it is the only such function with total sum (a + b)n that covers the careful cycle.
2 → 1: Given a balanced and origin-connected weight function we construct a careful cycle as follows: Start at the origin. At each point, go right if that edge has positive weight, otherwise go up. Decrease the weight of the followed edge by one. Continue until you come to a point with zero out-weight. This must be the origin so we have created a careful cycle c.
We must show that the length of c is (a + b)n. Suppose not. Then there remain some positive weights. Since the original weight function was origin-connected there exists a point p on the careful cycle that has positive out-weight. Since the remaining weight function is still balanced it covers some cycle c ′ that contains p. Now start at p and follow c and c ′ in parallel until c reaches the origin. Since the origin has no remaining in-or out-weight, c ′ must have reached a point on the weld below the origin. This implies that c and c ′ intersects at a point where c goes up and c ′ goes right. But that is impossible by the construction of c.
Thus c has length (a + b)n, and it is easy to see that, among all careful cycles of that length starting at the origin, c is the only one that is covered by the given weight function.
3 → 2: Given lap cycles c 1 , c 2 , . . . , c n starting at the origin, translate c 2 , c 3 , . . . , c n down-right so that
• they all begin on the weld, and • for 2 ≤ i ≤ n, c i intersects c i−1 in at least one point but otherwise goes below it. Now let the weight of each edge in L a,b be the number of times the edge is used by the cycles. The result is obviously a balanced origin-connected weight function.
2 → 3: Given a balanced origin-connected weight function, by iteration of the following procedure we construct n lap cycles. At the beginning of each iteration the weight function is always balanced.
Start at the lowest weld point p with a positive out-weight and create a careful cycle from there like this: In each step, go right if that edge has positive weight, otherwise go up. Decrease the weight of the followed edge by one. Stop as soon as you reach p again. By Lemma 2.1 this careful cycle never visits another weld point than p, which implies that it is a lap cycle.
After n iterations we have consumed all weights and produced the lap cycles c n , c n−1 , . . . , c 1 in that order. Simply translate the lap cycles so that they all start at the origin. Finally reverse the order of the sequence to get c 1 , c 2 , . . . , c n .
